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We compare medium induced energy loss and p± -broadening in perturbative QCD 
with that of the trailing string picture of SYM theory. We consider finite and in- 
finite extent matter as well as relativistic heavy quarks which correspond to those 
being produced in the medium or external to it. When expressed in terms of the ap- 
propriate saturation momentum, we find identical parametric forms for energy loss 



in perturbative QCD and SYM theory. We find simple correspondences between 
px-broadening in QCD and in SYM theory although p± -broadening is radiation 
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I. INTRODUCTION 

The purpose of this paper is to compare energy loss and p^-broadening for relativistic 
heavy quarks passing through a hot perturbative QCD plasma with that of the trailing string 
description for a hot SYM plasma. We shall see that for energy loss in infinite extent 
matter the formulas for perturbative QCD and for a strongly coupled M = 4 SYM theory 
are parametrically identical when expressed in terms of the relevant saturation momentum, 
Q s . For px-broadening the SYM result is parametrically identical to a (subdominant) per- 
turbative QCD term which in the strong coupling limit of SYM theory becomes the leading 
term. This comparison in infinite matter is then extended to finite extent matter where the 
trailing string picture has not yet been developed. We find results identical with infinite 
matter when expressed in terms of Q s . We have not attempted comparison with a compet- 
itive theory of energy loss based on a Wilson loop calculation because that approach is 
essentially perturbative with the SYM theory only being used to give an evaluation of the 
transport coefficient, q. 

In this introduction we motivate and summarize our results. In Sec. [TTJ, these results 
are described in more detail with additional details and supporting evidence for our picture 
given in Sec. Ell HV] and W\ 



We begin by recalling the picture of energy loss for a relativistic heavy quark[4] traveling 
through an infinite extent hot perturbative QCD plasma. We suppose the heavy quark to 
have rapidity rj at the time over which we focus. The heavy quark has a cloud of gluons, 
labeled by energy u and transverse momentum k±. Energy loss is dominated by the maxi- 
mum energy gluons which are freed, or radiated, in the plasmaj^, [(], B, [^j] . Gluons are freed 
if their transverse momentum is less than the saturation momentum corresponding to the 
gluon coherence time, t c . This immediately gives 

- ^ oc aiV c M^ = aN c Ql (1) 

where we have used t c = ^JJi ax as the relevant coherence time. The condition = coshr? 

Qi Qs 1 

as well as Q 2 S = qt c converts Eq. ([Q) to a more standard form. The aN c in Eq. (TjQ) is just 
the probability of having a gluon, in the kinematic regime in question, in the heavy quark 
wavef unction. 

We now note that Eq. ([!]) is also true for a strong coupling Af = 4 SYM plasma if the 
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replacement aN c — > ^ is made, where A = Qy M N c , and if the saturation momentum is 
now taken as Q 2 S oc (t c T 2 ) 2 as found in Ref. 9]. (The stronger dependence of Q 2 S on t c in 
SYM theory, as compared to perturbative QCD, comes about because high energy scattering 
in SYM theory is dominated by a J ~ 2 singularity rather than the J ~ 1 singularity in 
perturbative QCD.) At first sight it may seem strange that a perturbative picture, giving 
Eq. (TjQ), could also lead to a correct result for a strongly coupled Af = 4 SYM theory. 
However, we know that for a static heavy quark in the vacuum the distribution of energy in 
the fields surrounding the center of the heavy quark is the same for strong coupling SYM 
theory and for QCD, or even QED lo|, [ill ]. As we show in Sec. IHIt this leads to an energy 
distribution in momentum space for a high energy heavy quark in SYM theory exactly as in 
QCD when one replaces aN c by y^. The saturation momentum then determines the scale 
at which quanta in the heavy quark wavefunction are freed in the plasma, and this is the 
only dynamics necessary to get the parametric form Eq. (JT]). 

Further evidence for this picture comes from p^-broadening of a heavy quark in infinite 
extent matter. In QCD this broadening occurs mainly by direct multiple scattering of the 



heavy quark by thermal quanta 



12 



131 ] . There is a subdominant effect, down by aN c , where 



the heavy quark gets increased transverse momentum by radiation of gluons. However, in 
strong coupling SYM theory aN c is replaced by and now radiation becomes dominant. 
Thus by simply allowing the emissions which give the energy loss to have a random transverse 
momentum, whose size is fixed to be that of the saturation momentum, one arrives at a 
dominant form for p^-broadening in M = 4 SYM theory (see Eq. fl22]) ) which is the same 
as that for radiative broadening in QCD and which agrees with calculations done using the 
trailing string picture. 

Calculations of small oscillations on the trailing string Q, [ijj] lead one to identifying a 
point on the string which corresponds to a horizon on the metric induced on the worldsheet 
of the trailing string as it moves through the QCD plasma. This horizon corresponds to a 



u — value (see the metric Eq. (191)) equal to u s = 7rTy / coshr/ which is the same as the value 
of the saturation momentum for the heavy quark in the plasma. In our picture all quanta 
in the heavy quark having transverse momenta less than Q s are freed while those having 
transverse momenta greater than Q s remain part of the heavy quark. In Sec. |V] we verify 
that the part of the trailing string having u > u s corresponds to energy which spatially 
lies very close to the center of the heavy quark while the u < u s part of the trailing string 
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corresponds to energy lagging too far behind the heavy quark center to be considered part of 
it. This part of the trailing string corresponds to waves in the plasma, and this matches our 
interpretation in terms of quanta which have been freed from the wavefunction of the heavy 
quark. We also note that u s is the same point as that identified in Ref. [3] as separating 
branching in the vacuum, u > u s , from branching in the medium, u < u s . In the trailing 
string picture this agrees with our interpretation of the u > u s part of the string as being 
the same as that of a heavy quark in the vacuum while the u < u s part of the string is 
interpreted as quanta separate from the heavy quark. 

Energy loss in finite matter is more subtle in both QCD and in M = 4 SYM theory. The 
first issue that arises is whether a heavy quark going through a finite extent of matter is 

n n 

"bare" or "dressed" p, 16J- If the heavy quark does not have too large a rapidity, cosh?? <C 
(LT) 2 in a SYM plasma, then the matter is effectively infinite extent and we are back to 
our earlier discussion. However, if coshr/ is large there is a strong distinction between bare 
and dressed heavy quarks. A dressed heavy quark is one that has its gluon cloud completely 
developed as it enters the medium. In the trailing string picture a vertical string going from 
u = to u = u m entering the medium traveling at rapidity rj corresponds to a dressed quark 
entering the medium. For a dressed heavy quark energy loss simply corresponds to freeing 
those quanta having transverse momentum less than Q s , with the length determining Q s 
being given by the length L of the matter. In the case of the trailing string it, parametrically, 
corresponds to freeing all the string lying below u = u s . The result, Eq. (J29l) . takes the same 
form for a QCD plasma and for a SYM plasma. 

For bare quarks we are faced with a more serious challenge. In QCD one can simply 
produce a heavy quark-antiquark pair in a hard collision and then allow, say, the heavy 
quark to go through the medium. In SYM theory consider a heavy quark-antiquark pair 
initially at rest and very close together. We then rapidly accelerate the quark and antiquark 
in opposite directions using an external electric field. When the quark has reached the 
desired rapidity we turn off the electric field and let the quark continue to pass through the 
medium. We have found an exact solution for the motion of the string during the period of 
acceleration, and this solution is described in Sec. IIVI and in Ref. [l^] • One can see from this 
solution, and the discussion in Sec. [Til that now the heavy quark is missing much of its cloud 
of quanta as it passes through the medium. The key to determining medium induced energy 
loss is an understanding of the time at which components of the final dressed heavy quark are 
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formed. In QCD this is well understood. In Sec. [TT] we motivate, but ultimately conjecture 
that the formation times are the same for strong coupling SYM theory and perturbative 
QCD. This leads to an energy loss formula as in Eq. (CQ) for QCD and the same, with 
aN c — > for SYM theory but where now Q 2 = qL in perturbative QCD and Q 2 ~ (LT 2 ) 2 
for hot SYM matter. We note in passing that the induced energy loss for hot SYM matter 
goes as the cube of the length of the material in contrast to a quadratic law in qcdQ 
while the total p\ picked up traversing the medium goes like L 2 for hot SYM matter instead 
of the linear dependence on L in hot perturbative QCojljl, Q. 



II. COMPARISON BETWEEN QCD AND SYM RESULTS FOR ENERGY LOSS 

AND ^-BROADENING 

In this section we give a detailed comparison of results on energy loss and p^-broadening 
for a heavy quark in QCD with corresponding results in M = 4 SYM theory. Although the 
results for the strong coupling SYM theory have been derived (In some cases the deriva- 
tions will be given for the first time in later section of this paper.) using the AdS/CFT 



correspondence [19l. |2Q|. |21| with the SYM theory, we here emphasize the comparison of QCD 
directly with the SYM theory. We rely on explicit calculations on the string theory side of 
the correspondence to give confirmation of the basic validity of our picture. We start with 
energy loss in infinite hot matter where both the QCD and SYM theory results are well 
known. What we are here noting is that when expressed in terms of the relevant saturation 
momentum, the results for QCD and SYM are essentially identical for energy loss, however, 
the physical picture for p^-broadening differs in these two theories. 

A. QCD energy loss of heavy quarks in infinite extent hot matter 

Consider a heavy quark of mass M passing through hot matter of temperature T. We 
suppose T/M <§C 1. Suppose at some time the heavy quark is moving at rapidity rj so that its 
energy is Mcoshr/. We also assume, for reasons to be explained below, that coshrj <C M 3 /q 
with the q the transport coefficient of the plasma. 

The dominant cause of energy loss of the heavy quark is gluon radiation 
induced by the medium, at least when cosh 77 ^> 1 which is the region with which we 
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shall be concerned. Induced gluon radiation is caused by gluons in the wavefunction of the 
heavy quark being freed by interaction with the medium. Suppose a gluon in the quark's 
wavefunction has energy u and transverse momentum k±. Such a gluon will be radiated if 
k± < Q s with Q s the saturation momentum of the medium corresponding to a length given 
by the coherence time, t c , of the gluon. The energy loss will be dominated by gluons having 
k±, and u>, as large as possible. Thus, setting k± = Q s , we have 

qt c = Ql (2) 

and using 



t. = ^, (3) 



gives 

Qt = (4) 

Gluons having ^- = #- > cosh 77 are strongly suppressed in the heavy quark wavefunction J4]. 
Taking uj = Q s cosh rj will give the maximum energy and, combined with Eq. (j3J), gives 

Q 3 S = qcoshr] (5) 

as the relevant saturation momentum. Now we see why it is necessary to keep cosh 7/ 
M d /q, because this is the condition that jL = -M -c 1, which condition is the essen- 
tial requirement separating heavy quark from light quark radiation dynamics. Now it is a 
straightforward task to give a parametric form of the rate of energy loss of a heavy quark 
passing through a plasma as 

dE to 

oc a s N c —. (6) 

The a s N c in Eq. (jBJ) corresponds to the number of gluons, in the relevant kinematic domain, 
in the quark wavefunction while t c corresponds to the time over which the gluon energy, uo, 
is emitted. Using Eq. (J3} gives 

- ^ oc a s N c Ql (7) 
where, Q s should be evaluated using Eq. (jSJ). 
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The difference between heavy and light quarks lies not in changing Eq. ((7j) , which remains 
valid for light quarks, but in Eq. (j3J) which for light quarks energy loss becomes 

Ql - (8) 

with E the energy of the light quark. 

B. Energy loss of a heavy quark in SYM theory in infinite extent hot matter 



The problem of energy loss for heavy quarks in a M = 4 SYM plasma has been well 
studied jl|, Q|. Using the AdS/CFT correspondence allows one to evaluate the energy loss 
in terms of the energy flowing toward the horizon through a string which goes from a D7 
brane, whose position is given by the heavy quark mass, toward the horizon of the metric. 
The metric in the AdS§ space can be written as 

ds 2 = R 2 u 2 \-f (it) dt 2 + dx 2 ] + (9) 
L J U Z J (u) 

with 

f(u) = l-(^Y (10) 



u J 

and where Uh = tcT and T is the temperature of the plasma. The D7 brane is located at a 
position u m which is related to the heavy quark's mass by 

M=^ (11) 
2n 

corresponding to a string at rest in the vacuum having length u m , as it falls straight down 
from u m to u = in the fifth dimension. The energy density of the string is 

^ = ^ (12) 
du 2tt v ; 

In Eqs. ( II ip and ffT2|) . A is given by A = gy M N c . In the energy loss problem one keeps the 
string moving at a constant rapidity r\ where one imagines an external constant "electric" 
field acting on the end of the string on the D7 brane and furnishing the force necessary to 



keep the string moving at constant velocity v where cosh rj — 1/ yl — v 2 . The resulting rate 
of energy loss, that is the rate of work done by the external electric field, isjl, 2] 

dE tts/X a 2 ttVA 2 

— — = — - — 1 v cosh?7 ~ — - — 1 cosh r] (IS) 

Qjb _ Zi 
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where we have only consider the case cosh 77 ^> 1 . 

We are now going to show that Eq. f|T3|) agrees with Eq. ([7]) if one uses the saturation 
momentum appropriate to the M = 4 SYM plasma instead of Eq. ([5]). To get the replacement 
of Eq. ([5]) for the SYM plasma, we recall that the saturation momentum corresponding to 
a length L of such a plasma is[9| 

Q s (L) ~ LT\ (14) 

Using t c in Eq. as the relevant length , just as we used for calculating the energy loss in 
QCD, and taking u/Q s = cosh i], one gets 

Q 2 S ~T 2 cosh 77 (15) 



from Eq. ffl4|) . Using Eq. ([15]) in Eq. ffl3l) . one arrives at 

- f ~ >A# (16, 

Except for the replacement of aN c by vA Eq. ([7]) and Eq. ffl6|) are the same. The replacement 
of aN c by \f\ is to be expected and already occurs in comparing the static energy density, 
the electric field squared, of a heavy quark in QCD with that of a heavy quark in M = 4 
SYM theory. As we show in Sec. 1111} this naturally leads a gluon distribution in a heavy 
quark to be the same in QCD and in Af = 4 SYM theory except for the replacement of aN c 
by y/\. Our picture of energy loss of a heavy quark in an infinite plasma is thus essentially 
identical in QCD and in M = 4 SYM. We do note, however, that we do not have control of 
constant factors in our description of energy loss in a M = 4 SYM plasma. 

C. Transverse momentum broadening of a heavy quark in a QCD plasma 



The picture of transverse momentum broadening of a high 



energy quark in QCD is very 



simple and is the same for light quarks as for heavy quarks [12, Il3j |. As the quark passes 
through the plasma, it interacts with quanta of the plasma through multiple single gluon 
exchange, each exchange giving a random transverse momentum to the quark, and two gluon 
exchanges, necessary to keep probability conservation. The formula 
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gives the rate of increase in the typical p\ that the quark picks up in passing through the 
medium in terms of the transport coefficient of medium. One can also write this relation as 

dp 2 ± dQ 2 8 it) 

~dt ~ (18) 
where Q s (t) is the saturation momentum of a length, t, of the medium where we do not 
distinguish between time and length intervals for our relativistic heavy quark. The result 
given in Eq. (fP7j) and Eq. (IT51) comes completely from random multiple scattering of the 
quark in the medium. There is also a contribution from emission of gluons stimulated by 
the medium. The same gluon emissions which give the energy loss indicated in Eq. (J7J) 
naturally give a p^-broadening 

m ~ aJt j£®. (19) 

J radiation ^ 

Eq. ffl9|) is perhaps obvious once one writes Eq. ([7j) in the form 

dE „ r duj (t) , n „ s 

where lj (t) is given by Eq. with the t -dependence of Q s given by Eq. (jSJ), identifying t c 
with t. Then Eq. (Tl9l) and Eq. (1201) directly give the energy loss and transverse momentum 
broadening due to gluon radiation stimulated by the medium. The contribution of Eq. ( [191 is 
usually neglected because it is parametrically smaller than the contribution given in Eq. (fl8l) 
from multiple scattering. However, as we shall see below in a SYM plasma, transverse 
momentum broadening of a heavy quark is dominated by gluon radiation because aN c will 
be replaced by the large parameter, 

D. Transverse momentum broadening of a heavy quark in an infinite extent SYM 

plasma 

The calculation of transverse momentum broadening in a SYM plasma is done in terms of 
fluctuations on the corresponding string on the gravity side of the AdS/CFT correspondence. 
The result is 

^ = 2nV\T 3 y^sh^. (21) 
If we identify the saturation momentum Q s as in Eq. (|15[) . then one can write 

^ ~ v^T 2 Q s . (22) 
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or, alternatively, as 

M „ TaMW. (23) 
dt dt ( J 

where, again, we identify t with t c the coherence time of the gluons whose emission dominates 

both the energy loss and transverse momentum broadening of the heavy quark. Eq. ( 1231) is 

identical, after aN c <-> vA, with Eq. ( Tl9i) adding confirmation to our picture of energy loss 

and p_i_-broadening as due to gluon emission in the SYM plasma. Once one writes formulas in 

terms of the relevant saturation momentum, the SYM and QCD pictures become identical. 

Of course, in the case of p^-broadening what is a subdominant effect in QCD, gluon emission, 

becomes dominant in the SYM plasma. 



E. The saturation momentum and the trailing string 

Our picture of infinite extent plasmas has been that a heavy quark loses energy and gets 
transverse momentum broadening by the emission of gluons having transverse momentum 
equal to the saturation momentum of the medium corresponding to a medium length given 
by the coherence length of the emitted gluons which carry the same rapidity as the parent 
heavy quark. Now we are going to identify this picture more closely with the trailing string 
picture. 

In the trailing string picture, a heavy quark moving at constant rapidity through a SYM 
plasma correponds to a string moving at the same rapidity in the background metric, Eq. (J9j) 
on the AdS side of the correspondence. The shape of the string is[l[ Q] 



z(u) = z + vt+ — 
2ui 

where 



- - tan" 1 — - coth" 1 — 



2 \u h J \u h 



(24) 



2vrM . . 

u h <u<u m = —j=- (25) 

with M the mass of the heavy quark. In our picture, the parts of the string having u m > 
u > Q s correspond to gluons actually in the heavy quark while those parts of the string 
having Uh < u < Q s correspond to freed matter which is no longer part of the heavy quark. 
The flow of energy past the point 

Q s = u s = 7rTA/cosh77, (26) 
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with Q s given as in Eq. (|T5|) . corresponds to the freeing of gluons from the heavy quark and 
into QCD plasma. Let us now see that u ~ u s is a natural point on the string for separating 
the heavy quark from waves in the plasma. Let Az (u) be the distance between a point on 
the trailing string and a corresponding point on a string, having the same motion at u = u m , 
moving in the vacuum. Using Eq. (1241) for u large, one easily finds 



Now we expect that the range of z-values allowed in a heavy quark moving at velocity v in 
the vacuum is given by 



where the first factor on the right hand side of Eq. (J28l) is the infrared-ultraviolet corre- 
spondence while the second factor is due to Lorentz contraction. Those region of u having 
Az (u) < 5z (u) can naturally be part of the heavy quark while those region of u having 
Az (u) > 5z (u) lag too far behind the core of the heavy quark to be part of it. Comparing 
Eq. fl27|) and Eq. fl28|) . we see that the separation point, up to constant factor of order one, 
is given by Eq. (126|) . In Sec. [V] we give a more complete discussion of this issue where, 
instead of relying on Eq. ( l28l) . we compare the four-dimensional energy- momentum tensor 
for a trailing string with that of the string corresponding to a heavy quark moving in the 
vacuum and reach the same conclusion as above. 

Another argument for Eq. ff26l) as the natural separation point between what belongs 
to the heavy quark and what has been freed into the medium comes from the calculation 
of transverse momentum broadening from small fluctuation on the trailing string. In the 
differential equation governing the small fluctuations u = u s is a regular singular point which 
corresponds to a horizon of the metric on the worldsheet of the string Waves on the 
worldsheet of the string going from large u can disappear into the horizon but one requires 
that waves not come out of the horizon toward large values of u. {22I, 2] 




(27) 




(28) 




F. Energy loss and p^-broadening for finite matter and for dressed quarks 



In dealing with hot matter of finite length in QCD, the energy loss problem is very differ- 
ent for dressed and bare quarks. For heavy ion collisions where high transverse momentum 
quarks are produced in the collision as bare quarks, without the accompanying gluon cloud 
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which characterize a dressed quark, the dressed quark energy loss problem is of little inter- 
est. Nevertheless we begin with this problem in our discussion of finite matter because it is 
relatively straightforward. 

The situation is as follows: A high energy heavy quark prepared at early times impinges 
on a target of hot matter, say a cube, of length L. We wish to determine how much energy 
is lost and how much transverse momentum broadening occurs as the heavy quark passes 
through the medium. If the rapidity of the heavy quark is such that cosh 77 <C (LT) 2 (For 



QCD the condition is cosh 77 <C \J qL 3 ), then the coherence time of all the gluons in the 
heavy quark is much less than L and the matter is effectively of infinite extent. Thus, we 
consider here only the opposite case where cosh 77 3> (LT) 2 . We also suppose ^ 1 so 
that a small fraction of the heavy quark's energy is lost as it passes through the matter. 

When cosh 77 3> (LT) 2 , the picture is essentially the same in QCD and for a SYM plasma. 
Gluons in the heavy quark wavefunction having k± < Q s ~ LT 2 will be freed in passing 
through the matter while those having k± > Q s are not freed. Since the gluons which 
dominate the energy loss have u ~ k± cosh 77, the energy loss will be 

dE ( aN c \ Q s cosh 77 , , 

-^UJ^Sr^ (29) 

with aN c referring to QCD and y/\ to the SYM case. For SYM the result Eq. ff29l) agrees 
with Eq. (Tl3l) . the infinite matter result, when Eq. (fl4l) is used for Q s . For QCD the result 
Eq. fT2"9l differs from the case of infinite matter, and we remark that we have not subtracted 



the "factorization term" 



24], |25). We emphasize, however, that when written in terms of the 



saturation momentum the QCD and SYM results are of the same form once one makes the 
aN c <-» v^A identification in passing between theories. 
For transverse momentum broadening the formulas are 



5T K UJi' (30) 

where again the upper value is for QCD while the lower value is for a SYM plasma. The 
QCD result is the same as Eq. ( TTTl) for infinite matter while the SYM result takes the same 
form as infinite matter, as given in Eq. (j2"2"|) . but now one must use Eq. ( IT4T) for Q 2 S . The 
argumentation leading to Eq. ( 1301) is identical to that giving Eq. ( 1291) and, again, here in the 
SYM plasma transverse momentum broadening is radiation dominated. 
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G. Energy loss and p^-broadening for bare heavy quarks in finite extent matter 

The quarks, whether light or heavy, that are produced in hard collisions in a relativistic 
heavy ion collision are initially bare, that is they have been produced without the gluon 
cloud that accompanies a quark which is part of a high energy hadron. While the energy 
loss of bare quarks has been widely discussed in the QCD literature Q, H, it has so 
far not been treated in the literature on the SYM plasma. On the string theory side of 
the AdS/CFT correspondence, in order to create a heavy quark which is initially bare it 
is necessary to consider a heavy quark-antiquark pair initially with little or no separation 
and then rapidly accelerate the quark and the antiquark in opposite direction by, say, an 
electric field Ef which is constant in space and time and points along the z-axis. After a 
rapid acceleration over a time ti, the electric field can be turned off and one has a quark- 
antiquark pair with large relative energy in a situation similar to that occurring in a hard 
collision [lj. We have found an exact solution which satisfies the equations coming from the 
Nambu-Goto action for the quark-antiquark pair accelerating in the vacuum. This will be 




discussed in much more detail in Sec. IIVI and in Ref. 17| . while here we give the solution 
and use it to outline how to get energy loss and p_i_-broadening in a SYM plasma. 
The solution, in the vacuum, described above is 

(31) 

where the external electric field is 

' -Ac 27TC V ' 

The quark is at z > and antiquark is at z < 0. M is the mass of the heavy quark as 
usual. The constant c characterizes the strength of the electric field and c > 1 is required, 
as is clear from Eq. ( 13T1) . We imagine c to be large but we also suppose — is very large 
compared to the temperature of the medium which we shall shortly introduce. At a time 
ti, we shall turn off the electric field beyond which time Eq. (I3T]) no longer applies. It is 
straightforward to see that, for t < t%, the part of the string in the region u m /c < u < u m 
moves with a rapidity r\ (t) given by 
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We now suppose that 

— » 1, (34) 

c 

however, we also imagine that ti is a small time compared to the inverse temperature of the 
medium. By choosing u m sufficiently large there is no difficulty in having c> 1, u m t\jc 3> 1, 
and t{T <C 1 satisfied. 

Before considering motion in a plasma, let us examine a little further the vacuum evolution 
of our heavy quark-antiquark system. When c/u m < t < ti, it is useful to consider the z > 
part of the string as two parts. Part A consists of the u m j c < u < u m region of the string, 
while part B is the , 1 = <u< u m /c region of the string. Much as in the trailing string 
, part A is part of the heavy quark, while part B corresponds to radiated energy. Indeed 
with this interpretation we can calculate the power radiated at time t as 



dt 



E f t - cosh 7] (t) ^ (u m - u m /c) 



(35) 



The first term on the right hand side of Eq. ( 1351) gives the rate at which the electric field 
puts energy into the system. Noting that the energy density of a string at rest is 4p = 
we see that the second term is the rate of growth of the energy in the " straight section" of 
the string in the region u m /c <u< u m . Eq. (135]) gives 



radiated — „ , ^ • 



2tt M 2 

We note that the answer for a classical electron accelerating in a constant electric field is 

3 M 2 ' 



< •!<•<•( rnu .-i ti 4") ' ("^) 



parametrically the same as Eq. flHBj) with the replacement e 2 ^ 

Armed with our understanding that the part of the string u < u m /c is emitted radiation 
and no longer part of the heavy quark, we are now ready to insert the medium. We suppose 
that the acceleration during < t < t\ takes place at one end of a hot SYM plasma 
whose z-extent is L. At t = ti, we turn off the electric field and let our heavy quark pass 
through the length L of the plasma. There are two separate cases to consider: (i), when 
cosh?] (ti) = coshr/ <^ (LT) 2 and (ii), when cosh?7 ^> (LT) 2 . 

In case(i), the situation is just like that of a trailing string in an infinite medium. In 
vacuum the separation point between that part of the string corresponding to the heavy 
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quark and previously radiated energy is at u = ^f-j- = cos f h - when t > t\. At a time 
t = this point crosses the separation point, u = Ty/coshrj, of the trailing string at 

which point the heavy quark energy loss and transverse momentum broadening becomes 
that of the trailing string. This time at which the string becomes a trailing string is much 
less than L so that the whole problem becomes that of an infinite medium trailing string 
problem. In case (i), cosh?] is small enough that the system quickly adjust to the trailing 
string scenario. 

In case(ii) the situation is much more subtle. To better appreciate the issues, let us first 
suppose the motion of the evolving string to take place in the vacuum. Then, when the 
electric field is turned off at t = t\, the system will go toward a final configuration of a heavy 

ong with some radiation. The radiation 



quark moving in the vacuum at constant velocity al 
all goes toward u = as explained in detail in Ref. 16] . For us the key issue is at what time 
the quanta making up the heavy quark are formed. We know that the separation point, 
which is at u = u m /c for t <t\, moves down in u as 

_ cosh T) 

Wseparation ^ > \^°) 

when t > ti, essentially according to free branching. However, once the electric field has 
been turned off this separation point need no longer be a perfect separation between what 
is part of the heavy quark and what is radiated energy. Although almost all the energy in 
the region u < («) aration lags too far behind the core of the heavy quark to be part of it, 
at a distance 

Az(u,t)~-L (39) 



behind the core as is clear from Eq. ( 131j) . the components of the heavy quark having k± ~ u 
and k z ~ tu 2 w cosh 77 spatially overlap with the evolving string as is evident in the 
discussion in Sec. |V]and on FigJTJ If these components of the evolving string do contribute 
to the final heavy quark, they are formed at a time t c where 

tc-- 2 -h, (40) 
u k]_ 

which matches our expectation of the time at which such components are naturally formed. 
Of course the components of the heavy quark carrying most of the energy, having k z ~ 
■ucosh?7, would still be formed much later at the time when the separation point, given in 
Eq. (1551) . reaches u. 
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FIG. 1: The accelerating string in the vacuum. At the time t\, when the electric field is turned 
off, the quark rapidity is cosh rj (ti) = coshry, and the part of the string with u < u m /c is emitted 
radiation. At a later time t, the heavy quark is rebuilding its gluon cloud, and for u <C coshjy/t, 
only soft components with k z < tu 2 contribute to the heavy quark. When put in a medium of 
length L (such that (LT) 2 <C cosh?]), radiated gluons must also have u < Q s , therefore the hardest, 
dominant, radiations have k z = LQ 2 . 

It is the identification of |f- ~ with the time at which soft components, those where 
- c ^ h - <C 1, of the free heavy quark are formed which drives us toward identifying a (small) 
part of the evolving string having u < (w) sep aration as contributing to the heavy quark. We 
now make this conjecture, namely that after the electric field has been turned off at t — t\, 
the parts of the heavy quark having k± ~ u and k z are formed at a time t c ~ k z /u 2 out of 
a small fraction, a fraction U( ^* h , of the energy of the evolving string located at u at time 
on the order of t c . 

Now let us return to the string evolving in the SYM medium. After the electric field is 
turned off, the system goes toward radiation and a partially formed heavy quark passing 
through the medium. In our present situation, coshr] ^> (LT) 2 , the heavy quark is only 
fully formed after leaving the medium. Now medium induced energy loss is determined by 
which components of the heavy quark which are forming in the medium are inhibited from 
doing so by the medium. Clearly all momentum components k± ~ u < Q s will be inhibited. 
Thus the energy loss will be equal to that part of the free heavy quark string having u < Q s 
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and % < L, or 



exactly as in Eq. ffTB]) . but where now 



^ „ ^Mi^ „ ^AQ*, (41) 



Qs ~ LT 2 . (42) 

Similarly the transverse momentum broadening is given as 

dp 2 ± r-dQ 2 s 

~dF ~ VA ^L' (43) 

as in Eq. ( |23|) but now with Eq. ( H2|) again determining Q s . 

The rather elaborate argument we have just given for energy loss, and which also give 



Eq. (|42|) for p^-broadening is essentially identica 
perturbative QCD in a finite length medium^ 



to the understanding of energy loss in 



So it should be no surprise 



that there the result is 



dt I i 

and 



dE - aN ^L = ^Ql (44) 



when cosh?] > \/qL z and where the in Eqs. ( pHl) and (H5|) is given by Q 2 S = qL. 



III. LIENARD-WIECHERT CALCULATION OF GLUON DISTRIBUTION IN 

HEAVY QUARK. 

It is known that the energy-momentum tensor of a heavy particle at rest in SYM theory 
has the same form as the one obtained from classical electrodynamics (except for a normal- 



ization factor) 10|, llil]. This statement is easily generalized for a heavy particle moving at 
constant velocity since the energy-momentum tensor is related to the previous case by a 
Lorentz boost. 

In this section we will show that, for a relativistic heavy particle, the classical result for 
the energy density in momentum space agrees with the quantum perturbative calculation to 
lowest order. For this purpose we will compute the energy density in momentum space by 
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Fourier transforming the Lienard-Wiechert potential of a moving charge at constant velocity 
and compare this result to the distribution of photons in the wavefunction of a fast moving 
charge. 

For a particle moving at constant velocity along the z-axis, the potential is given by 

A (x) = 6 (46) 

A z (x)=vA (x). (47) 

Taking a three-dimensional Fourier transform 

- e e ~ivtk z 

MK t) = (27r) 3/2 fc 2 +(1 _ u2)fc 2- ( 4§ ) 

The corresponding fields are 

E(k t) = _ ie- ivtk -<k ± ,(l-v*)k z ) 

MMJ (27r)3/2 ^ + (1-^2 ^ 

B(k,t) = ikx A(k,t), (50) 

and the energy density 



dS e 2 (l + v 2 )k 2 ± + (l-v 2 ) 2 k 2 



d 2 k ± dk z 2(2tt) 3 (k 2 ± + (1 - v 2 )k 

For v close to 1 we take 

dS e 2 k 2 



2)2 



d 2 k ± dk z (2tt) 3 (k\ + (1 - v 2 )k 2 ) 2 ' 



(51) 



(52) 



On the other hand, the wavefunction of a fast moving charge can be calculated pertur- 
bativelly to first order in the coupling 

l^> = b> + E Jd 3 kMk)\ P -k;k,X) (53) 



where 

and if/ is the interaction Hamiltonian. Assuming p z ^> m,k z ^> k± we find 
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In Coulomb gauge, the polarization vectors can be written as 




(56) 



so, when v is close to 1, we find 



e 



(57) 




t\ki+(i-v*)kr 



From this distribution we can extract the energy density in momentum space correspond- 
ing to the photons in the wavefunction. 



This is the same as ( 1521) . so we can conclude that the two pictures give the same result. 
Even though this calculation was done in the abelian case, the QCD calculation is analogous 
and gives the same result. Because the form of the energy momentum tensor in classical 
electrodynamics and strong coupling SYM theory is the same, the above calculation shows 
that when the strong classical fields of a high energy heavy quark in SYM theory are resolved 
into quanta, by requiring that the classical energy in a given wave number mode be given 
by the number of quanta in that mode times the mode frequency, the result is the same as 
in lowest order perturbation theory. Thus, despite the strong coupling of our SYM theory 
the distribution of numbers of quanta and energy in the various wave number modes is just 
the same as in lowest order perturbation theory up to a normalizing constant. Once we 
appreciate that the distribution of energy and momentum in modes is essentially the same 
as in lowest order perturbation it is no longer so surprising that the formulas for dE/dt and 
dp\/dt have the same form as in perturbative QCD when expressed in terms of Q s since it 
is Q s which determines which modes are freed when the heavy quark passes through matter. 




(58) 



(59) 



(2tt) 3 + (1 - i; 2 )fc2)2- 



IV. THE ACCELERATING STRING 



A. The accelerating string solution 



We set up our accelerating string calculation as follows: a quark- ant iquark pair is imbed- 
ded in a brane located at u = u m , and a net electric field Ef is imposed in the brane which 
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accelerates the quark and antiquark at a constant acceleration in their own proper frame 
(An additional small electric field Ef 2 which balances the attractive force between the quark 
and antiquark is also understood.). 

The metric of the resulting vacuum Ad§ space can be written as 



ds 2 = R 



du 



2 



— - u 2 dt 2 + u 2 (dx 2 + dy 2 + dz 2 ) 
u 1 



(60) 
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(du 2 -dt 2 + dx 2 + dy 2 + dz 2 ), (61) 

where R is the curvature radius of the AdS$ space and u — -. The dynamics of a classical 
string is characterized by the Nambo-Goto action, 



S = —T J drday/ — det g a b (62) 

where (r, a) are the string world-sheet coordinates, and — det g a b = —g is the determinant 
of the induced metric. T is the string tension. We define (r, a) as a map from the 
string world-sheet to the five dimensional space time, and introduce the following notation 
for derivatives: X M = d T X^ and X /fl = d a X^. When one chooses a static gauge by setting 
(r, a) = (£, u), and defines X M = (t, u, x (t, u) , 0, 0), it is straightforward to find that 

- det^ ab = f>X;) 2 - (X'mxJ) (63) 

= R 4 (1 - x 2 + u 4 x' 2 ) . (64) 



Therefore, the equation of motion of the classical string reads: 

d ( u 4 x' \ dfx 



(65) 



du \ y/—g J dt \ sj—g, 

In general, this equation is a non-linear differential equation which involves two variables 
and two derivatives. Thus it is notoriously hard to solve directly when x (t, u) is a non-trivial 
function of (t, u). Fortunately, we have been able to find an exact solution which corresponds 
to the accelerating string. The solution reads, 



x = ±Jt 2 + b 2 -\ (66) 



it 2 



where the + part represents the right moving part of the string and the — part yields the left 
moving part of the string, together with the smooth connection in the middle (see Fig. [2]). 
The quark and antiquark are accelerating and moving away from each other. The constant 
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FIG. 2: Illustrating the accelerating string. 

b can be fixed by the boundary condition, and corresponds to b = — from Sec. [TTJ where c 
is a dimensionless quantity. It is very easy to check that Eq. (|66l) satisfies the equation of 
motion by noting that yj—g / R A = , b , =. 

Following Herzog et al [l|] , one can compute the canonical momentum densities associated 
with the accelerating string, 



n 



n = -To± '—j= g , (67) 

(x"xi) x, - (x»x v ) x; 

< = -T ± 1 =A LJL. (68) 



The energy density is given by -n\ 



du V~9 
Thus the total energy of the right half string at time t is, 



<iE - T ° RA (1 + «V) . (69) 



u b du o V u l m 



Moreover, the energy flow is given by 7rj 



t ■ 
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Thus the net energy 1 being put into the right half string from to t is, 



dE , 
— dt 
dt 



T R 2 u r 




(72) 



with the second term in the bracket being the initial energy deposited in the string. Also 

b 2 5- > is assumed for consistency. Therefore, from energy conservation, one can easily 

fix the constant b by setting Ef = roi f" m , then, 

Ef 2nE f ' V ' 

where M = ToR 2 u m is the mass of the heavy quark and TqR 2 = ^ according to the 
AdS/CFT correspondence. It is now very easy to see the physical interpretation of the 
constant b as the reciprocal of the constant acceleration a, i.e., a = ^4- = |. 

In addition, although f§ = , 1 exceeds 1 when u becomes smaller than 1/6, one 
can compute the speed at which energy travels by the following, 



dx dxdu t / _ 1 

v =m + ^H = ¥TWT +h -u*' (74) 

and find that v < 1 at all times. In arriving at the above result, one needs to look at the 
hypersurface where energy is constant. Then, one can also obtain ^ = — ^/ff = — t ^_ h i ■ 
Finally, the Lorentz boost factor of the string reads, 

1 t2 + b " 

coshrj = —^=^ = — , (75) 

^ - v " y \t 2 + b 2 ) b 2 +* 
and it reduces to | = in the large t and u limits. 



B. Energy loss due to radiation 

In a following paper [17], we will explicitly show that there is a scale u s = | separating 
the soft part (the lower part) of the string from the hard part of the string(the upper part). 



The total energy being put into the system should be the sum of the work done by Ef and Ef%. Ef 
is the field giving constant acceleration in the absense of Coulomb attraction between the heavy quark 
and antiquark. The field Ef 2 is included to cancel that Coulomb force and is therefore time dependent. 
However only Ef contributes to the non-Coulomb net energy increase and to the constant acceleration 
Ef/M. 
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The upper part, which moves together with the heavy quark, corresponds to the co-moving 
hard partons in the heavy quark wave function; The lower part (u < u s ) of the string, which 
lies far behind the heavy quark, is emitted radiation, and it is no longer part of the heavy 
quark. 

Therefore, the radiated energy at time t is 

Radiation -J^ ^ ~ 2 7T fc 2 ' 1 J 



and the radiation power reads, 



p _ ^-^radiation _ \/A E 2 

dt ~27il^' 1 j 



in agreement with Eq. (1331) . By using the same picture, we can also estimate the px and pi 
broadening due to radiation. At large time limit, one finds 

# oc ^ ~ — (78) 
dt 2tt t 2tt 6 2 t' v ; 

where a/A basically counts the number of partons being emitted, u 2 is the typical momentum 
square of the emitted partons, and t is just the time scale of the system. Similarly, one finds 

dp\ ^V\uj 2 s Vxt 

—— oc ~ — , (79) 

dt 2tt t 2tt 6 4 ' ( J 

with u s ~ ^- ~ « 2 t being the typical energy of the emitted partons and Ax being the longi- 
tudinal separation between the quark and the string at u = u s . Moreover, after identifying 
u s with Q s , one discovers that the coherence time t — ^ in this accelerating string scenario 
coincides with the one in QCD (see Eq. (jBJ)). 

The exact evaluation by employing random fluctuation analysis will be provided in 
Ref. [17] . and it yields 



dp 2 T {t) V\ i V\ 



a' 



3 



dt 7r 2 b 2 V¥T¥ 7T 2 Va 2 t 2 + r 



(80) 



dt 2tt 2 6 4 2vr 2 V ° * + 18 j 

Finally, we have checked that our solution Eq. (1771) gives the same radiation as that of 
Mikhailov's general radiation formulas [2 7] when specialized to the case of constant acceler- 
ation. 
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C. Accelerating string in non-zero temperature AdS^ space 

The metric of the resulting AdS black brane solution in 5 dimension with finite temper- 
ature T can be written as 



ds 2 = R 2 



du 2 n / u 

- u 1 



u 2 ( 1 - 4 ] 



l ±\ dt 2 + u 2 (dx 2 + dy 2 + dz 2 ) 



(82) 



with Uh = itT. Unfortunately, we are unable to find an exact accelerating string solution 
in this case. Nevertheless, we can give some semi-quantitative discussion in the a = 1/b = 
3> 7rT limit. 

Suppose the quark-antiquark pair now is put in the non-zero temperature AdS 5 spacetime, 
and the electric field which accelerates the heavy quarks is imposed from t = to t = oo, 
we expect at time t ~ | 1 ^ that the string starts to lose a significant amount of energy 
into the plasma. In the string system, energy is flowing into the system from the top of 
the string, while it is being absorbed by the plasma from the bottom part of the string. As 
time increases, the acceleration slows down and energy loss to the plasma increases. As a 
result, the string trajectory starts to evolve towards the trailing string solution from the 
accelerating string solution. Ultimately, the energy loss per unit time will be the same as 
the energy gained per unit time from the electric field. Thus, the trailing string trajectory 
is fully formed and a final velocity is then reached. Therefore, one gets 

dE\ fdE\ , . 

*), + UJ . =o - (83) 

/ loss \ / gam 

Using Eq. (|T5|) for energy loss per unit time and Ef for energy gain per unit time, one gets 
the final cosh?]/: 

cosh r?/- ~ — = — 84 
' V\(nT) 2 V ; 

In arriving above formula, we have assumed that cosh 77/ ^> 1. coshr// is independent of u m 
as a result of energy balance between the external electric field and dissipative plasma. In 
the end, we can estimate the typical time which the string needs to reach the trailing string 
solution from Eq. (1541) and Eq. (|33|) . and obtain, 
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FIG. 3: Too(£, 0, 0, if, u) of the straight string with velocity v = 0.4,0.8, and 0.9 as a function of 
z/u. Too peaks at z = and has a width Az ~ u, which implies that a portion of straight string 
around u can only be projected predominantly onto the energy density of the quark with \z\ < u. 

V. ENERGY MOMENTUM TENSOR IN 4-DIMENSION FROM TRAILING 

AND ACCELERATING STRINGS 

In this section, we will give a quantitative confirmation of our picture by investigating 
T,iv{t,x), the four- dimensional energy-momentum tensor of the "gluonic" field around a 
heavy quark. In the large N c limit, T^it.x) can be obtained from Hmn, the small metric 
perturbations to the AdS$ metric G$ N in the presence of the classical string in AdS^, space, 
corresponding to either the trailing string or the accelerating string. We are only dealing 
with the energy density, i.e., the (0, 0)— component of T^. It can be obtained from hoo, one 
of the scalar modes in the Fourier decomposition of metric perturbations in position space 



A. Energy density for the straight string with constant velocity v in the vacuum 

As argued in Sec. II, our criteria to distinguish between the quark part and the radiated 
energy part of a (trailing or accelerating) string is to compare it with a straight string moving 
with the same velocity v in the vacuum and see which part is like that of a straight string 
and which part is lagging far behind it. To see how a portion of a straight string around 
u = ^ with velocity v is related to its energy density in position space, we define the energy 



R 3 . 
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density in (x, u) space for the straight string as 



Tqq (t, x, u) 



R 3 



d 4 k l2 S{k) 



k 2 ^K 2 (Qu)e lhx , 



where Q = yk? 



and the source term[10j 



6k§ J (2tt) 4 Q 2 



S(k) 



4V\ [k\{2 + v 2 ) + 2(1 - v 2 )k 2 ]Q' 



R 3 



k 2 VT^ 



8{uj — vkz). 



Inserting S(k) into (1561 . we get 



2q0 ^' M ) 



! (i - w 2 ) 



S7T 



5u 



n2 



+ 



10m 4 - 2i 4 + 6x 2 5 2 - luHx* - 3z 



{u 2 + x 2 y/ 2 6 



u 2 {u 2 + x 2 ) 7 / 2 



(86) 



(87) 



where z = ^3^2 and x = a/x 2 + y 2 + z 2 . 

Notice that, as shown in Figj3l a portion of straight string around u can only be projected 
predominantly onto the energy density of the quark with \z\ < u, that is \z(u) — vt\ < " h . 
This is just the infrared-ultraviolet correspondence. Also, after adding missing terms 
and integrating out u, we have 

(l + v 2 )x 2 -2v 2 z 2 



-^00 (^J 21 ) 



12tt 2 (1-v 2 



X 6 



(89) 



B. Saturation momentum from the four-dimensional energy-momentum tensor of 

the trailing string 



For the 
complicated 



trailing string, the equation of motion of the scalar mode is much more 
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11] , and we will only keep terms up to 0(T 2 ). In this approximation, 



we can evaluate T^(t,x,u) as 



2 Here, we use the equation of motion for the scalar field given in Ref. [1(3]. Note that our definition of 
Too(t, af, u) is not quite such that J duT$o(t, a;, it) = Tgo(t,x), but its purpose is rather to explain our 
picture of Section II. In the accelerating string calculation, T^ s (t, x, u) will be defined from the master 
equation of Ref. [11 1 . 
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(irT) u ) + ik± ■ x± + ik^z] 



d 6 k 
(2tt) 3 
5m 2 



[^1(2 + « ) + 2 ( x - « jfeal-^aCQtt) exp{ifc ± • x± + ik 3 z} 
v 2 10m 4 - 2x 4 + 65 2 5 2 - lu 2 [x 2 - 3z 2 ) 



+ 



(w 2 + x 2 ) 7 / 2 6 



u 2 (u 2 + x 2 ) 7 / 2 



(90) 



where z = z — t>t + |(7rT) 2 u 3 , z = and x = \J 1 x 2 + y 2 + z 2 . Comparing the expressions 

for Too(£, w) of the straight string and trailing string, the only difference is in the definition 
of z in the two cases. If ^(ttT) 2 u 3 <C cq " h - , there is essentially no difference between the 
straight and trailing strings in the region \z — vt\ < co " h7? where almost all of the energy 
of the straight string is located. If ^(iiT) 2 u 3 ^> co " h - , the contribution to the energy of 
the trailing string is much more spread out in z — vt than for the straight string and we 
conclude that this part of the trailing string is not actually a part of the heavy quark but 
represents energy radiated in the medium. We note that the transition point between parts 
of the trailing string that belong the heavy quark and those that are waves in the plasma 
is at (vtT) 2 m 3 
Sec. II. 



cosh rj 



or u ~ 7rTy / ooshr/ which is the natural separation point discussed in 



This separation point can also be obtained when looking at the u— integrated Too, m the 



28] gives all the components of T^ v (up to 0{T 2 )) in 



rest frame of the heavy quark: Ref. 
the plasma rest frame, and boosting to the quark rest frame gives 

5^ 



^oo 
* s 127r 2 a; 4 
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-T 2 cosh V ^r + 0(T 4 ) 

X 6 



(91) 



where the contribution of the plasma alone has been subtracted. Equating the two terms, 
one sees that the quark field is unchanged when (nT) 2 cosh t]vz\x\ < 1. On the longitudinal 
axis (x = y = 0), this means Q s z < 1 with Q s = nT^coshr]. Or more generally, so long as 
\z\ — 1/Qs the energy density agrees well with that of a heavy quark in the vacuum while 
when \x\ >1/Q S there are strong medium modifications. 
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C. Energy density for an accelerating string in the vacuum 



For the accelerating string x 2 = t 2 +b 2 — , the classical stress energy tensor in momentum 
space is (with M,N = (t, x, y, z, u/R 2 )) 



tMN(t, k,u) 



net 



7© [U 



1 



J_ 

Vt 2 -x 2 +b 2 I Ru 



^rcosihx) ifsin(fcix) ^3 g cos(hx) ^ 



x 



It sin(/cix) 



1 t 2 U 2 -l 



&-te-coa(kix) ij^jsmihx) 




V coafax) i-^ £ sm(hx) 







1 R^fu.^ 





1 l-b 2 U 2 

R 4 u 6 bx 



(92) 



cos(fci:r) J 



where x = y t 2 + b 2 — To simplify our equations below, we will use u = 1/u in the 
following calculation. In the zero temperature case, the master equation for the scalar 
modes of the metric perturbation due to the presence of classical string solutions is [llj 



1 , 



<P a (u) + -<p s (u) - (k - uj )ip s {u) = -J s (u), 



u 



(93) 



where the scalar master field <p s (u) = ^ + Ql ot + which gives the energy density 
T 00 (t,x) = J T^^pre^Q* ' and the source term 



as 



JJu) 



is a linear combination of tMN 



dte lu;t S(u,t), 



(94) 



11] , and S(u,t) for the accelerating string is as follows, 



S{u,t) = 



if .2 -2\ '2 1 
' ' U )U1X + 



6bk 2 u 5 LVX 3 

{(fci sin(k 1 x)x(2k 2 u 2 (it(-3 + k 2 u 2 ) + 3u 2 uj)x 2 + 6(/c 2 - 3k 2 1 )R 4 (t 
R 2 x(u(2ik 4 tu 2 - 3(A; 2 - 3A; 2 )(3t 2 + u 2 )uj)x - 3(k 2 - 3k\)R 2 (t 2 - u 2 )ujx")) + 
co^hx^-QitfklRhux^x + 6(k 2 - 3kl)R 4 (t 2 - u 2 )ujx' 2 + 
x 2 {u 2 (2k 4 u 2 (2it - (b 2 + 2t 2 - 3m 2 V) - 9A; 2 (t 2 - u 2 )uj{1 + wV) + 
3k 2 (t 2 - u 2 )uo{\ + u 2 (4A; 2 + u 2 ))) - 3kl(k 2 - 3kf)R 4 (t 2 - u 2 )uox' 2 ) + 
R 2 x(u(2tk 4 tu 2 - 3(k 2 - 3kl)(3t 2 + u 2 )uo)x - 3(k 2 - 3kl)R 2 (t 2 - u 2 )ujx")))} 



(95) 
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with x = x as (u, t) = \Jt 2 + b 2 — u 2 . From (19"51) . it is easy to show that 

poo 

= lim{ / duuK (Qu)J s {u) - poles at 0}. (96) 

Je 

To compare an accelerating string with a straight string, we write 

/d 4 kdt 
—uK (Qu)S(u,t)e ikx 

=j y$ uK ° m (97) 

x {Sq(u, t) exp[— iuj{t — t) + iki(x — x as (u, t)) + ik± ■ x±\ 
+Sg(u, t) exp[— iuj(t — t) + iki(x + x as (u, t)) + ik± ■ x±]} , 

or, in momentum space, 



T™(uj } k, u) = uK (Qu)J s (u). (98) 

The Bessel K functions and Fourier transformations between position space and momen- 
tum space ensure the infrared-ultraviolet correspondence. We will evaluate T^it, x, u) or 
Tqq(uj, k, u) in the approximation t » b,u and only keep terms of order O(^). In (1971) . we 
integrate over the region t — T < t < t + T where we choose a T which is much smaller 
than t but large enough to ensure we can use the 5 function as a good approximation to 
the resulting t integration. In our calculation we consider the contribution to To Q (t,x,u) of 
an element of matter on the string, located at u at time t, and moving along the string at 
velocity v(u,t) = X ^^P — 1 ~ ^ as given in fl74l) of Sec. V. In case (i) below where u is 
small it will not be necessary to distinguish between x a3 (u, t) = ■^x as (u,t) and v(u,t) since 
-^x as (u,t) is so small that the difference of these two velocities is unimportant. In case (ii) 
below where u is relatively large this distinction is important, and the natural organization 
of the calculation is to evaluate the contribution to Too of a fixed element of matter, follow- 
ing its motion on the string, over a period of time 2T. Of course this procedure is effective 
only because the motion of matter on the string between time t — T and t + T is small, 
u(t + T) — u(t — T) ~ ~|~2T ~ u^j- <^ u when j < 1. In this large t approximation, we 
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have 

/d 4 k f t+r 
— 4 u jf ^ dtK (Qu) 

x {^(w, t) exp[— iuj{t — i) + — x as (-u, t)) + ik± ■ x±] 
+ Sq(u, t) exp[—iu(t — t) + iki(x + x as (u, t)) + ik± ■ x±]} 

-u I dtK {Qu) 



(2tt)*' 

x {S q (u, t) exp[iui + ik±(x — x as (u, t) — v(u, t)t) + ik± ■ x±] 
+ Sq(u, t) exp[iut + ik±(x + x as (u, t) + v(u, t)t) + ik± ■ x±}} 

k -uKq(Qu) 



(99) 



(2tt) 3 

x {S(u — kiv(u, t))Sg(u, t) exp[iki(x — x as (u, t)) + ik± ■ x±] 
+ 5(uo + kiv(u,t))Sq(u,t) exptyk^x + x as (u,t)) + ik± ■ x±]} 

Therefore, in the end, we arrive at 

T™(t,x,u)^ J ALuK (Qu)J s (u), (100) 

We will compare the following two cases: 
(i) t > b > u, 

In our picture, the two parts of the accelerating string are the parts of a quark and an 
anti-quark respectively. We can show that in the large t limit, the energy density related to 
these two parts of the string is simply a sum of that of a quark and an anti-quark. In this 
case, v(u,t) ~ 1 and the source term J s (u) is 



JJu) ~ 



Vxt 



5(u — ki) 



2kf to 2 2k' 2 k\k 2 3k 2 uj 2 
._! _ _| _ _|_ _ 1 L_ 

u 2u 3u 3uu 2k 2 u 



1 3k 2 
2tf + 2k 2 u 3 



U 3 U 



2k\ 



u 



2u 3u 



k x k 2 3kW 

— 1 — 

3uu 2k 2 u 



1 3k 2 
2^ + 2k 2 v? 



+ 



V?UJ 
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where £ ~ coshr/ in the large t limit. Compared with the source term of a straight string 
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with velocity v 111 ]. 

\f\5{uj — vki) 



VT^ 2 



2k\v 2 



a 



214 
u 



V 2 LU 2 

~2M + 

2 2k 2 



(l + v 2 )k 2 k 2 hv 3k 2 v 2 u 2 
+ — — + 



2u ^ 3u 3uuj 



3u 3uuj 
k 2 h 3k 2 u 2 



2k 2 



u. 



2u 3 



+ 



+ 



2k 2 u 



1 3k 2 
2^ + 



3k(v k\v 
2k 2 u 3 u 3 lj 



(102) 



so that, J s (m) is simply a sum of that of a quark and an anti-quark flying apart with 
constant velocity v close to 1. Thus in the region u <C b and for t > the energy density of 
an accelerating string is indistinguishable from that of a string moving at constant velocity 
with | = coshr/o. 
(ii)t > u > b, 

In our picture, this part of string corresponds to radiated energy and we will see that 
it contributes predominantly to the energy density far behind the quark. Recalling that in 
this case v(u, t) = ^r^r — 1 — f^, and cosh 77 ~ |, let us focus only on the half string 
associated with a quark, where the energy density at (x, u) is 

d A k 



T™(t,x,0 ± ,u) 



exp{zki[x - x as (u,t))}uK (Qu)J s (u)} 
(2tt) 4 



Vxt r d A k 



(27T)' 



uK (Qu) exp{iki[x - x as (u,t)}} 



u 



X ^( W -*!(!__)) 



2k 2 uj 2 2k 2 hk 2 
._! _ 4. _ _|_ 

u 2u 3u 3uuj 



3k 2 u 2 
+ 2k 2 u 
vAt /" dk\dk±k 



1 3k 2 
2^ + 2k 2 v? 



A. 



(103) 



(2tt)* 



x 



K (ku) exp{iki [x - x as (u, t)} } 
3k 2 



2 3/c-^ 3 
'~ + + 2k 2 ~ 2^2 + 2Pw 2 



where = y^k\ + k\. The exponential decrease of the Bessel K function at large values 



of its argument requires &j 
approximation, we have 



1/w, which means 73 — 1 and 4 < 1, so in this 



T™(t,x,0 ± ,u) 



\/~\t f dkidk±k] 



b J (2tt) 3 
3V\t t 1 



K (ku) exp {ifci [x - x as (u, t)] } 



(104) 



4tt 2 bu(u 2 + 4x 2 ) 5 / 2 ' 
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where t). The dominant term of T^(t, x, 0±, u) of order 0(f) shows that 

this part of the accelerating string indeed contributes predominantly around x as (u,t) with 

— 2 — — 2 

A(x - x as (u,t)) ~ \ = while x as (0,t) - x as (u,t) ~ \. Although there is some 

contribution which could be associated with the energy density of the quark, it is quite small 
relative to the part of string with u <C b, since it is suppressed by a factor cosh 7// coshr/o = 
4 1 due to their different Lorentz contractions of the local part of the string at u and 
that of the overall motion of the heavy quark. On the other hand, the quark part of the 
string with u <C b barely contributes to this part of energy of the "gluonic" field since its 
contribution is more localized around the position of the quark due to much larger Lorentz 
contraction coshr^ = |. 



D. Seeing the separation point on the trailing string from causality 

There is a simple argument, although not directly related to the energy-momentum tensor, 



which shows that the point u = nTy/coshrj = Q s separates the trailing string into a part 
which is causally connected from a part which is not causally connected to the core of the 
heavy quark. In AdS^ space, we can boost the plasma rest frame into the quark and the 
trailing string rest frame by the following generalized Lorentz transformation, 



x 



cosh 7/ [x — v{t + F{u))} 



cosh 7/ 



t — v x + F(u) — cosh 2 rjF 



u 



-^/cosh rj 



y, z = z,u = u, 



(105) 
(106) 
(107) 



where F(u) 



i 

2u h 



1 - tan" 1 

2 V U h 



coth" 1 



u h 



and we take Zq = in 



In this 



frame, the trailing string appears as a straight string sitting at x — at all time t, and the 
AdS 5 metric is 



ds z =R z u 



2„.2 



f{u)di 2 + 2v cosh 2 rpjdxdi + (1 + v 2 cosh 2 ry^-)dx 2 + dy 2 + dz 



u, 



u 1 



1R 2 v cosh Tju'fodxdii du 2 R 2 



(108) 



v?f(u) 



u 2 f(u) 



where f(u) = 1 — " feC °4 h - ■ From this metric, it is easy to see that it takes a beam of light 
emitted at u — Uhy/coshrj = 7rTi/cosh r/, the separation point that we have discussed earlier, 
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an infinite period of time At = At/ coshr? to reach the quark, that is, the quark can never 
"see" the part of the string with u < 7rTy/coshrj. 
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